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Introduction 
A quasi-metric space is a set X equipped with a quasi-metric d, i.e. with a 
nonnegative function d defined on X, X and satisfying the following two conditions: 
(a) d(x, y) = 0 if and only if x = y; 
(b) d(x,z)sd(x,y)+d(y,z) forx,y,zEX. 
When, in addition, the condition of symmetry d(x, y) = d(y, x) is fulfilled, then d 
is a metric. 
A metric space is a special kind of quasi-metric space. On the other hand 
quasi-metric spaces represent a particular case of quasi-uniform spaces. 
A quasi-metric space X with quasi-metric d will be denoted by (X, d). Sometimes, 
when no ambiguity is possible, the space (X, d) may be denoted simply by X. In 
particular, when Y c X, the subspace ( Y, dj Y) of the space (X, d) is usually denoted 
by Y 
Every quasi-metric space (X, d) can be considered as a topological space on 
which the topology is introduced by taking, for any x E X, the collection {B,(x) 1 r > 0) 
as a base of the neighbourhood filter of the point x. Here the ball B,(x) is defined 
by the equality 
B,(x) = {Y E X 1 d(x, Y) < r1. 
According to this convention, a sequence {x,} in X is covergent to a point x E X, 
denoted by x, + x, when lim d (x, x,) = 0. 
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It is well known that any topological space is quasi-uniformizable and any 
T,-quasi-uniformity with countable base is quasi-metrizable. 
A natural problem that arises is to introduce a convenient notion of completeness 
and to propose a construction of completion of quasi-metric spaces. This construc- 
tion should be the usual metric completion when (X, d) is a metric space. The 
analogous problem arises, of course, in a more general setting in the theory of 
quasi-uniform spaces. 
The notion of completeness has to be founded, certainly, on a concept of Cauchy 
sequence which generalizes the concept of convergent sequence. Then a space is 
complete if every Cauchy sequence in it is convergent. A completion of a quasi-metric 
space (X, d) is a complete quasi-metric space (X*, d”) in which (X, d) can be 
quasi-isometrically embedded as a dense subspace. 
In problems about completeness and completions, those quasi-metric spaces with 
a Hausdorff topology are the most important. The assumption that the topology in 
(X, d) be a Hausdorff topology is equivalent to the following condition concerning 
the quasi-metric d: 
if lim d(x, x,) = 0 and lim d(y, x,) = 0, then x = y. 
(I.e. it is impossible to have x, + x and x, + y for x # y.) The quasi-metrics satisfying 
this condition will be called T,-quasi-metrics. 
Thus the problem is posed as follows. A notion of Cauchy sequence in any 
T,-quasi-metric space (X, d) has to be defined in such a manner that the following 
requirements are fulfilled: 
(i) every convergent sequence is a Cauchy sequence; 
(ii) in the metric case (i.e. when (X, d) is a metric space) the Cauchy sequences 
are the usual ones. 
Further a standard construction of a T,-completion (X*, d*) of any T,-quasi- 
metric space (X, d) should be possible such that: 
(iii) if (X, dX) c (Y, dy), then (X*, d$) = (Y*, d$), where the inclusions are 
understood as quasi-metric embeddings and the second one is an extension 
of the former; 
(iv) in the case when (X, d) is a metric space (X*, d”) is nothing but the usual 
metric completion of (X, d). 
The following simple example shows that this program cannot be fulfilled for 
arbitrary T,-quasi-metric spaces. 
Example 1. Let X = (0, 11, Y = [0, l] and d,(x, y) = Ix - yI for x, y E X, 
Mx,y)= 1 
I 
lx--y1 ifx,yEYandy#Oorx=y=O, 
if y=O and O<x~l. 
Then (X, dX) is a metric space and (Y, dy) is a T,-quasi-metric one. Suppose 
(X*, dz) and (Y*, d$) are T,-quasi-metric completions of (X, dX) and (Y, dy), 
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respectively. If the requirement (iv) is fulfilled, then 
X*=[O, l] and d%(x,y)=lx-yl for x,y~X*. 
But the spaces (X, d,) and (Y\(O), d ) ,, are obviously isometric and thus (X, d,x) c 
( Y, dy). (Note, that the restriction of d, on Y\(O) is a metric.) On the other hand 
we have l/n+0 in (Y, dy) and l/n+0 in (X*, d$). If the requirement (iii) is also 
satisfied, then from (X*, ds) c ( Y”, d$) and ( Y, dy) c ( Y*, d$) (all inclusions 
understood as quasi-metric embeddings) it follows (since (Y*, d$) is a T,-space) 
that (X*, d$) and (Y, dy) are quasi-isometric, i.e. that d$ and d, coincide-a 
contradiction. 
So the requirements (iii) and (iv) cannot be satisfied simultaneously by T2- 
completions in the general case of T,-quasi-metric spaces. 
Thus it would be desirable to have a notion of Cauchy sequence which satisfies 
requirements (i) and (ii) in the general case and that some supplementary conditions 
may be imposed on the quasi-metric in order to ensure that a completion satisfying 
(iii) and (iv) can be constructed. 
For a metric space the usual definition of Cauchy sequence can be formulated 
as follows: 
The sequence {x,} is called Cauchy sequence if for any 
natural number k there exists an Nk such that 
d(x,, x,)<l/k for m,n> Nk. (1) 
It is easy to see that this definition is not suitable for quasi-metric spaces because 
it does not satisfy in the general case the most basic requirement (i). 
With the purpose of expressing the property that a filter in a quasi-uniform space 
contains “arbitrarily small” sets, the following definition is given in [4] (adopted 
also in [2] and [l]): 
A filter 5 in a quasi-uniform space (X, 021) is called Cauchy filter if for each 
U E Ou there is a point x = xu in X such that U(x) E 9. (Here, as usual, U(x) = 
{v E X I(4 Y) E w.1 
In the case of a quasi-metric space (X, d) this definition is equivalent to the 
following one: 
A sequence {x,} is called Cauchy sequence if for every 
natural number k there are a y, E X and an Nk such that 
d(y,, x,,)< l/k when n > Nk. (2) 
(In [3] a number of different definitions of Cauchy sequence in quasi-metric 
spaces are proposed. However only one of them, namely that which coincides with 
definition (2), satisfies requirement (i).) 
At first glance it seems that definition (2), although satisfying requirements (i) 
and (ii), has a serious flaw. Namely the property of a sequence that it is a Cauchy 
sequence depends not only on its terms, but also on some other points which need 
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not belong to it. This allows sometimes for a Cauchy sequence, and even for a 
convergent one, to be rendered a non-Cauchy sequence by removing from the space 
some point (or points), for instance, the limit point in the case that the sequence 
converges-which is impossible in the metric case. Nevertheless the following simple 
example shows that in the case of quasi-metric spaces this situation should be 
considered as justified. 
Example 2. Let (X, d) be the quasi-metric space with X = {x, ) n = 0, 1,2, . . .} and 
d(x,, 
1 for m>O and m#n, 
l/n for m=O and n#O, 
0 for m = n. 
Suppose we are given a definition of Cauchy sequence satisfying (i) and (ii). Then 
the sequence {x, 1 n = 1,2, . . .} converges to x0 and therefore, in view of (i), is a 
Cauchy sequence. However by removing the point x,, from the space X one obtains 
a discrete metric space in which the same sequence, according to (ii), must be 
non-Cauchy. 
On the other hand, however, as far as it is known to the author, no convenient 
construction of a completion based on definition (2) and satisfying (iii) or (iv) has 
been found up to now. Another, nonformal objection to this definition is illustrated 
by the following example. 
Example 3. (Sorgenfrey line). Let R be the real line equipped with the quasi-metric 
if xsy, 
if x>y. 
The topology of the quasi-metric space (R, ds) has, for any x E X, the collection 
{[x, xf r) 1 r> 0} for a local base at the point x. This topology, as is known, is 
nonmetrizable. 
Now one sees that, for instance, the sequence {-l/n}, although nonconvergent, 
is a Cauchy sequence in the sense of (2). However, in view of the special character 
of the topology on the space (R, d,), it seems very inconvenient to regard this 
sequence as a potentially convergent one, i.e. as one that could be made convergent 
by completing the space. 
In order to eliminate this objection another concept of Cauchy sequence is 
proposed here which also enables us to realize the program outlined above under 
a relatively simple additional assumption about the quasi-metric. 
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Here we begin with the following: 
Definition 1. A sequence {x,} in the quasi-metric space (X, d) is called Cauchy 
sequence provided that for any natural number k there exist a yk E X and an Nk 
such that d(y,, x,) < l/k whenever m, n > Nk. 
Further, when two sequences {xl} and {xi} are given in a quasi-metric space 
(X, d), we will write 
lim d(xL, xi) = y 
m,n 
if for any E > 0 there is an N, such that Id(xi, xz) - rl< E when m, n > N,. 
In particular the requirement of Definition 1 could be written as 
limd(y,,x,)=O. 
m.n 
(Note that the requirement in definition (1) of Cauchy sequence for metric spaces 
can be written as lim,,, d(x,, x,) = 0.) 
In the sequel the term Cauchy sequence will be used in the sense of Definition 1. 
Any sequence {ym} which satisfies the condition of Definition 1 with reference to 
a Cauchy sequence {x,}, i.e. for which lim,,, d(y,, x,) = 0, will be called cosequence 
to {x,1. 
One observes immediately that requirements (i) and (ii) from the introduction 
are now fulfilled. This is seen by the following Propositions 1 and 3. 
Proposition 1. Every convergent sequence in a quasi-metric space (X, d) is a Cauchy 
sequence. 
Proof. If x, is a convergent sequence in (X, d) and x, +x, then the condition of 
Definition 1 is satisfied by letting yk = x for k = 1,2, . . . . 0 
Proposition 2. Every subsequence of a Cauchy sequence is a Caucy sequence. 
Proof. Obvious. Cl 
Proposition 3. If (X, d) is a metric space, then DeJinition 1 is equivalent to the usual 
definition of Cauchy sequence for metric spaces. 
Proof. Let (X, d) be a metric space and {x,} be a Cauchy sequence in the sense of 
the standard definition. Then for any E > 0 there is an NE such that d(x,, x,) < B 
when m, n > N,. It is clear that {x,} is a cosequence to itself and so the condition 
of Definition 1 is fulfilled. 
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Now let {x,} be a Cauchy sequence in (X, d) in the sense of Definition 1 and let 
{ym} be a cosequence to {x,}. If E > 0 and d(y,, x,) <SE for m, n > IV,, then 
d(x,, x,)~d(x,,y,)+d(y,,x,)<& 
for m,n>N,. 17 
Now we adopt the following standard. 
Definition 2. A quasi-metric space is called complete if every Cauchy sequence is 
convergent. 
One verifies that, for instance, the Sorgenfrey line from Example 3 is a complete 
quasi-metric space. The so called Kofner plane (cf. [l, p. 1551) and Pixley-Roy 
space (cf. [l, p. 179]), considered as quasi-metric spaces, are also complete. Another 
example of a complete quasi-metric space is given below. 
Example 4. Recall that a real function f defined on an interval [a, b] on the real 
line is called upper semi-continuous if for every x E [a, b] and any E > 0 there is a 
8 > 0 (depending on x and E) such that f(y) <f(x) + 8 whenever Ix -yl< 6. 
Let C’([ a, b]) denote the collection of all upper semi-continuous functions 
defined on [a, b] and define a quasi-metric dc+ on C’([a, b]) as follows 
d,+(f,g)= 
min{sup{g(x) -f(x) Ix [a, bll, 11 ifS< g, 
1 iff(x)>g(x) forsomexE[u,b], 
where f< g means that f(x) s g(x) for each x E [a, b]. 
Then one checks that the quasi-metric space (C’([ a, b]), d,+) is complete. 0 
Note that if one considers the collection C( [ a, b]) of all continuous real functions 
defined on [a, b] (instead of the upper semi-continuous ones) together with the 
quasi-metric dc+ from the last example, then the quasi-metric space (C([u, b]), d,+) 
is also complete. 
Remark 1. It is to be noted that a complete subspace of a quasi-metric space may 
fail to be closed. Indeed the interval (0,l) in the space (R, &) of Example 3 is 
complete but not closed. 
Two quasi-metrics d’ and d” defined on a set X are said to be equivalent if they 
induce the same quasi-uniformity on X; i.e. if for any & > 0 there is a 8 > 0 such 
that d’(x, y) < 8 implies d”(x, y) < E and d”(x, y) < 6 implies d’(x, y) -C E. For every 
quasi-metric space (X, d), the quasi-metric d is equivalent to a bounded quasi-metric 
d’; it suffices to let d’(x, y) = min(d(x, y), 1). 
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If {(Xi, di)} is a finite or countable family of bounded quasi-metric spaces and 
di(x,, yi) 4 bi for x,, yi E Xi, then a bounded quasi-metric d in the Cartesian product 
niXi is defined by the equality 
(3) 
(where x = {xi} and y = {y,} are two points of ni X,). The quasi-uniformity on Hi Xi 
which is induced by d is the product of the quasi-uniformities induced on X, by 
d,. One lets usually (nl X,, d) = Hi (X,, di). 
One easily proves: 
Theorem 1. If {(Xi, d,)} is ajinite or countablefamily of complete bounded quasi-metric 
spaces, then the product nj (X,, di) is complete. 
Proof. Let {x”} be a Cauchy sequence in the product space (X, d), where X = n, X, 
and d is defined by (3), and let x” = {xr 1 i = 1,2,. . .}. If y” = {ym / i = 1,2,. . .} and 
{y”} is a cosequence to {x”}, then for any e > 0 there is an N, such that d (y”, x”) < F, 
i.e. 
when m, n > N,. Hence one concludes that, for each fixed i, the sequence {x:) n = 
1,2, . . .} is a Cauchy sequence and therefore a convergent one in (X,, d,). For each 
i, let x, denote the limit of x: in X, and let x = {xi 1 i = 1,2,. . .}. Then it is easy to 
check that X”+X in (X, d). 0 
As usual we use the following: 
Definition 3. A completion of a quasi-metric space (X, d) is a complete quasi-metric 
space (X*, d”) in which (X, d) can be quasi-isometrically embedded as a dense 
subspace. 
Remark 2. A quasi-metric space could have more than one completion. Moreover, 
a complete quasi-metric space could be densely embedded in another one. For 
instance, the interval (0, l), regarded as a subspace of the space (R, ds) from Example 
3, is complete and is dense in the complete subspace [0, 1) of the same space. 
2. Completing 
Now we turn to the construction of a completion of a given quasi-metric space. 
As shown in the Introduction, in order to fulfil requirements (iii) and (iv), we are 
obliged to restrict ourselves by considering some suitably defined subclass of the 
class of all T,-quasi-metric spaces. 
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In the sequel we consider only those quasi-metric spaces (X, d) whose quasi-metric 
d satisfies the following supplementary condition: 
(B) If {XL} and {xk} are two sequences in (X, d) and x’, X”E X, then from 
d(x’, xl) s r’ for each n, d (xk , x”) G r” for each m 
and 
lim d(xL, xh) = 0 
m.n 
it follows that 
d (x’, x”) G r’ + r”. 
Every quasi-metric d satisfying condition (B) will be called balanced quasi-metric 
or B-quasi-metric, the quasi-metric spaces with balanced quasi-metrics will be called 
balanced quasi-metric spaces or B-quasi-metric spaces and their class will be denoted 
by B. 
Let us note that every metric d obviously satisfies condition (B). Thus the class 
of all metric spaces is a subclass of the class B. On the other hand there exist 
non-metrizable quasi-metric spaces belonging to the class B. Such are the Sorgenfrey 
line (Example 3) and the space (C’([ a, b]), dc+) from Example 4, as well as the 
Kofner plane and the Pixley-Roy space, mentioned in the preceding Section. 
The balanced quasi-metrics possess a number of useful properties. 
Lemma 1. For a B-quasi-metric d we have: 
iflimd(x,x,)=O andd(y,x,)sr forn=1,2,..., 
then d(y,x)Gr; 
iflimd(x,,x)=Oandd(x,,y)~r forn=l,2 ,..., 
then d (x, y) s r. 
(4) 
(5) 
Proof. Assertion (4) is obtained from (B) by letting x’ = y, XL = x,, XL = x” = x, and 
(5)-by letting x’ = xk = x, XL = x,, x” = y. q 
Lemma 2. Any B-quasi-metric d has the properties: 
iflimd(x,x,)=O and limd(y,x,)=O thenx-y; 
if lim d(x,, x) = 0 and lim d(x,, y) = 0 then x = y. 
(6) 
(7) 
Proof. Let lim d(x, x,) = 0 and lim d(y, x,) = 0. For any E > 0 there is an N such 
that d(y, x,) < E for n > N. Then, according to (4), we have d(y, x) c E, hence 
d (y, x) = 0, i.e. x = y. So (6) holds. Assertion (7) is obtained analogously by means 
of (5). 0 
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Corollary. Every B-quasi-metric is a T,-quasi-metric. 
Lemma 3. If d is a B-quasi-metric, then 
limd(x,,x)=O, limd(y,y,)=O and 
d(x,,y,)<r forn=1,2 ,..., m-l,2 ,... 
imply d (x, y) G r. 
(8) 
Proof. Let us fix m and consider the sequence {x,}. From lim d(x,, x) = 0 and 
d(x,,y,)<r for n-1,2,... it follows, according to (5), that d(y, x,) s r. Then 
from d(x, ym) G r for m = 1,2,. . . and lim d(y, ym) =0 one concludes, by (4), that 
d(x,y)cr. 0 
Lemma 4. For a B-quasi-metric d we have: 
iflimd(x,,x)=O and limd(y,y,)=O, 
then !ii d(x,, y,,,) = d(x, y). 
(9) 
Proof. Let e be an arbitrary positive number. Because of the inequality 
d(x,,y,)~d(x,,x)+d(x,y)+d(y,y,) 
there is an N’ such that 
d(x,,~,)<d(x,y)+s 
for n, m > N’. On the other hand, if one supposes that 
d(x,,,y,,)cd(x,y)-c 
for each k and s, where {x,,} and {y,,} are some subsequences of the sequences 
{x,} and {y,}, respectively, then it follows from Lemma 3 that d(x, y) c d(x, y) - E, 
a contradiction. Therefore there exists an N” such that 
for n, m > N”. Consequently, we have lim,, d(x,, y,,,) = d(x, y). 0 
By means of (9) one gets immediately the following 
Corollary 1. For any B-quasi-metric d we have: 
iflimd(x,,x)=O then limd(x,,y)=d(x,y)foranyyEX; 
iflimd(x,x,)=O then limd(y,x,)=d(y,x)foranyyEX. 
(LO) 
(11) 
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Assertion (11) yields: 
Corollary 2. If (X, d) E B, then, for any x E X, the equality 
d,(Y) = d(x, Y) 
gives a continuous function d,, defined on X. 
From Corollary 2 there follows: 
Corollary 3. Every B-quasi-metrizable topological space is completely regular. 
Now let us introduce the following definition. 
Definition 4. Two Cauchy sequences {xk} and {XL} in a B-quasi-metric space (X, d) 
are called equivalent if every cosequence to {xk} is a cosequence to {XL} and vice 
versa. 
In the sequel of this section we assume that a quasi-metric space (X, d) belonging 
to the class B is given. This space, as a rule, will not be mentioned explicitly in the 
fomulation of the following Definitions, Lemmas and Propositions. (Nevertheless 
this convention does not concern the formulation of the Theorems.) 
Lemma 5. Let x, + x. Then {y,} is a cosequence to {x,} if and onZy if lim d (y,, x) = 0. 
Proof. If lim d(y,, x) = 0, then the inequality 
d(ym, xn) s d(ym, xl + d(x, xn) 
implies lim,,, d(y,, x,) = 0; therefore {ym} is a cosequence to {x,}. 
Conversely, let {y,} be a cosequence to {x,}. For any B > 0 there is some N such 
that d(y,, x,) < E for m, n > N Let us fix an m larger than N. Since lim d (x, x,) = 0, 
it follows from (4) that d(y,, x) s E for m > IV. 0 
Lemma 6. If {xl} and {xz} are two Cauchy sequences with a common cosequence 
{yk} and XL + x, then XL + x. 
Proof. Let F > 0. There is an N such that d (ykr XL) < F for k, m > IV. Fix an m 
larger than N. Since, according to Lemma 5, we have lim d (yk, x) = 0, it follows 
from (5) in Lemma 1 that d (x, XL) s E for m > N. q 
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From Lemma 6 one obtains immediately: 
Proposition 4. If {XL} and {xg} are two equivalent Cauchy sequences and x:+x, 
then x’:, + x. 
Then we have the following very useful proposition. 
Proposition 5. If two Cauchy sequences {XL} and {xk} have a common cosequence 
{yb}, then they are equivalent. 
Proof. Let {yi} be a cosequence to {xi} and let E > 0. There exists an N such that 
d(yb,xk)<$s and d(yG,x’,)<+e for p, q, M, n> TV. Since lim,, d(yh,xL)=O, it 
follows from (B) that d (yi, xk) G F for q, m > IV. Consequently {yi} is a cosequence 
to {xk}, and so any cosequence to the Cauchy sequence {xk} is a cosequence to the 
Cauchy sequence {XL}. The converse follows by the symmetry of the argument. 0 
This proposition allows us to speak of cosequences to an equivalence class of 
Cauchy sequences (instead of cosequences to a Cauchy sequence). 
From Proposition 5 there follows: 
Proposition 6. Every Cauchy sequence is equivalent to any of its subsequences. 
Propositions 4 and 6 yield: 
Proposition 7. The collection of all sequences convergent to a point x E X forms an 
equivalence class of Cauchy sequences. 
Now let X* denote the collection of all equivalence classes of Cauchy sequences 
in the given B-quasi-metric space (X, d). 
For every x E X we let 
a(x)=HxJlx,+x). (12) 
Then, according to Proposition 7, a(x) E X*, and so a mapping 
(Y: x-+x* 
is defined. 
Further we provide X* with a quasi-metric d * by means of the following definition. 
Definition 5. Let [‘, 5”~ X, r be a non-negative real number, {y;} be a cosequence 
to the class 5’ and {xi} E 5”. We let 
d*([‘, 5”) G r (13) 
if for any F > 0 there exists an N, such that 
d(yk,xi)<r+e 
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when m, n > NE. Then we let 
d*([‘,~)=inf{rId*(~‘,[“)Gr}. 
This definition is justified by the following proposition. 
(14) 
Proposition 8. 7’he validity of the inequality (13) in Dejinition 5 depends only on [‘, 
5” and r; it does not depend on the choice of the sequences {yi} and {x:}. 
Proof. Let {xi} and {XT*} be two Cauchy sequences of the class 5” and {yb} and 
{yz} be two cosequences to the class 5’. Suppose that for any E > 0 there exists an 
N such that 
d(y;, xE)<r+e 
forp,k>N. 
Further, let {XL} be a Cauchy sequence of the class 5’ and {yk} be a cosequence 
to the class 5”. 
Assume that E* is an arbitrary positive number and choose an E’ so that 0 < E’ < E*. 
There is an N such that 
d(yj,,x[)<r+e’ (15) 
forp,k>N’.LetO<s<+(E* -E’) and let us choose an N1 in such a manner that 
d(y:, x3 < E (16) 
when q, n > NI. Fix a k larger than N’ and a q larger than N,. Since we have 
lim,, d(yb, xl) = 0, the inequalities (15) and (16) together with the condition (B) 
yield 
d(yz,xl)<r+e’+e. (17) 
So the inequality (17) holds for k > N’, q > N1 . 
Analogously, choosing an N2 so that 
d(y:, x:*1 < e (18) 
for m, s > N2 and having in mind that lim,,+ d (yk , xl) = 0, one concludes by means 
of (17), (18) and (B) that 
d(y~,x~*)<r+s’+2e<r+e* 
for q, s > N* = max( N, , NJ. 
So if the inequality 
d*(c’, 5”) d r 
is verified (in the sense of Definition 5) by using the sequences {yb} and {XL}, it is 
also verified by using the sequences {y:} and {XT*}. 0 
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It is to be noted also that inequality (13) and equality (14) in Definition 5 are 
consistent. The obvious verification is left to the reader. 
On the other hand we have the following useful proposition. 
Proposition 9. Let f, 5”~ X”, {yk} be a cosequence to the class 5’ and {xi} be a 
Cauchy sequence of the class .$I’. Then 
d*([‘, 5”) = lim d(yA, xz). 
m,n 
Proof. Let d*([‘, 5”) = r. For any E > 0 there exists an N’ such that 
d(y:,,x::)<r+e 
for m, n > N’. Suppose there exist a subsequence {yk,} of {y;} and a subsequence 
{xi,} of {x:} such that d(yA,, xi,) < r - e. Then, since {yi,} is a cosequence to the 
class 5’ and {xi,} E [“, it follows, according to Definition 5, that d*(.f, 5”) c r - F, a 
contradiction. Therefore there is some N” such that 
d(y:,,x::)> r-e 
for m, n > N”. So we obtain lim,,, d(yk, xz) = r. 0 
Proposition 10. d” is a quasi-metric. 
Proof. (a) Clearly we have d*(f, 5”) 3 0 for [‘, 5”~ X. From Proposition 9 it follows 
also immediately that d*(.$, 5) = 0 for any .$E X”. On the other hand, if [‘, 5”~ X, 
{xz} E 5” and {yk} is a cosequence to the class [‘, and if d([‘, ,$“) = 0, then by 
Proposition 9 {yk} is a cosequence to {x:}. Thus 5’ and 4” possess a common 
cosequence, and so by Proposition 5, we have [‘= 5”. 
(b) Let [‘, [I’, 5”’ E X*, d*(t’, 5”) = r, , d(.$“, &“‘) = r,, {yb} be a cosequence to the 
class [‘, {xi} E [“, {y:} be a cosequence to the class 5” and {x:“} E ,$“‘. If E > 0, there 
are some N, and N2 such that 
d(yL,xi)<r,++e fork,n>N, 
d(yL,x:“)<r,+;e form,s>N,. 
Since lim, n , d(yk, xz) = 0, it follows from (B) that 
d(y;,x’)sr,+r,+e 
for k, s > N = max( N, , N2). Consequently, according to Definition 5, we have 
d*(f,f”)~r,+rr=d*([‘,f’)+d*(.$‘,f”). 0 
Proposition 11. For x’, x” E X 
d*(cr(x’), a(~“)) = d(x’, x”). 
140 D. Doitchinov / Completeness in quasi-metric spaces 
Proof. It suffices to use the sequence x’, x’, . . . as a cosequence to the class cu(x’) 
and the sequence x”, x”, . . . as a Cauchy sequence of the class cu(x”) and to apply 
Proposition 9. 0 
Proposition 11 establishes that the mapping 
a: (X, d) + (x*, d*), 
defined earlier by (12), is a quasi-metric embedding. 
Proposition 12. For any 5 E X”: 
(a) {xn} E 5 if and only if lim d*(& cu(x,)) = 0; 
(b) {y,} is a cosequence to the cZuss 5 ifund only if lim d(a(y,), 5) = 0. 
Proof. (a’) Let {x,} E .$ and {y,} be a cosequence to the class 5. For every E > 0 
there is an N such that 
for m, n > N. Fix an n > N and consider the sequence x,, x,, . . . as a Cauchy 
sequence of the class (-u(x,). Then Proposition 9 yields 
for n > N. Consequently lim d*(&, (~(x,,)) = 0. 
(b’) By the same assumptions and notation as in (a’) one proves in an analogous 
manner that 
d”(Q(Yrn), 5) = 0. 
(a”) Now let lim d*([, a(~,)) = 0 and {y,,,} be a cosequence to the class 5. According 
to (b’) we have lim d*(cu (y,,,), 5) = 0. Then by means of the inequality 
d”(a(ym), ~(&)I s d*(a(Ym), 5) + d”(5, ~(%I>) 
one obtains 
In view of Proposition 11, we have lim,,, d(y,, x,) = 0. So {y,} is a cosequence to 
the Cauchy sequence {x,}. Consequently {x,} E 5. 
(b”) Finally, let lim d*(cu(y,), 5) = 0 and let {x,} E 5. Then using (a’) and reasoning 
as in (a”) one proves that {y,,,} is a cosequence to the Cauchy sequence {x,,}, i.e. to 
the class 5. 
The considerations in (a’) and (a”) yield (a), and those in (b’) and (b”) yield (b). 0 
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Proposition 13. The quasi-metric d” is a B-quasi-metric in X”. 
Proof. Let [‘, 5”~ X” and (5;) and (5:) be two sequences in 
d*([‘, 5:)~ r’ for n = 1,2,. . . , 
d*([k,t”)sr” form=1,2 ,... 
and 
lim d*(ck, 51) =O. 
m,n 
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X* such that 
Suppose that, for n=l,2 ,..., {xj:Ip=l,2,. . .} is a Cauchy sequence of the class 
,$, and, for m = 1,2,. . . , {y,” 1 q = 1,2,. . .} is a cosequence to the class 5:. For any 
natural number n there exists an x;,, =x, such that 
d*(G, a(xn)I < l/n. 
Analogously for any m one finds a y:‘, = y, such that 
d*(a(y,), 53 < l/m. 
Then we have 
d(y,, x,) = d*(a(y,), a(~,)) 
~d*((~(y,),~~)+d*(5~,51)+d*(5~.(~(xn)), 
hence 
lim d(y,, x,) =O. (19) 
m,n 
Fix a cosequence {yi} to the class 5’ and a Cauchy sequence {xl} of the class 5”. 
We have 
d(y;, x,) = d*(a(y;), a(~,)) 
s d*(c-u(yk), 5’) + d*(5’, 5;) + d*(G, I) 
~d*(a(y;), e’)+r’+l/n. 
Let E > 0. Since lim d*(a(y;), 5’) = 0, there is an N, such that 
d(y;, x,)< r’+;E (20) 
for k, n > N, . Analogously one concludes that there exists an Nz such that 
d(y,, x() < r”+$E (21) 
for m, s> N2. Then (19), (20) and (21) together with the condition (B), satisfied 
by the quasi-metric d, yield 
d(y;,xf)sr’+r”+~ 
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for k, s > N = max( N, , Nz). Hence 
d*(t’, 5”)s r’+r”. 
So the quasi-metric d” satisfies the condition (B) (in which d is replaced by d”). 0 
Corollary. The quasi-metric d” possesses the properties (4), (5), (6), (7), (S), (9), (10) 
and (11) (with d replaced by d”). 
Proposition 14. The quasi-metric space (X*, d*) is complete. 
Proof. Let { &,} be a Cauchy sequence in the space (X*, d *) and (77,) be a cosequence 
to {&}. For each n let {xn 1 i = 1,2,. . .} be a Cauchy sequence in the space (X, d) 
belonging to the class & and, for each m, let {y,” Ij = 1,2,. . .} be a cosequence to 
the class nm. For every natural number n there exists, according to Proposition 12 
(assertion (a)), an i, such that 
d*(&, a(~‘)) < l/n 
for i 3 i,. Analogously for every m there is a j, such that 
d*(a(yj”), ~)<l/m 
for j 2 j,. Letting x, = x:, and y, = y,:, , we have 
d(y,, x,) = d*(a(y,), a(~,)) 
~d*(~(ym)r qm)+d*(rlm, &)+d*(&, a(~,)) 
<llm+d*(n,,5n)+l/n. 
Hence for every E > 0 one can find an N such that 
d(ym,xn)<e 
for m, n > N. 
Therefore {x,} is a Cauchy sequence in the space (X, d) and {ym} is a cosequence 
to {x,}. Let 5 be the equivalence class containing {x,}. We will show that & + < in 
the space (X*, d*). For this purpose we first observe that 
d(y,, x?) = d*(a(y,), (~(4’)) 
sd*(~(y,), nm)+d*(nm, &)+d*(&, a(~:)) 
<llm+d*(rl,,&)+lln 
for i 2 i,. Let F > 0. We choose an N, in such a manner that N, > 31~ and 
d*(n,, 6,) < c/3 
for m, n > N,. Then, fixing an n > N,, we have 
d(y,, x;) <$E +fe+$ = e 
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for m > N,, i 3 i,. Therefore, according to Definition 5, 
d”(L ‘5) =G & 
for n > N,. Consequently lim d*(& &) = 0, i.e. [,, + 5. So the completeness of the 
space (X*, d”) is verified. 0 
Propositions 10, 11, 12 (assertion (a)), (13) and (14) yield the following: 
Theorem 2. Every quasi-metric space (X, d) of the class B has a completion (X*, d”) 
constructed in a standard manner. The space (X*, d*) also belongs to the class B. 
In the sequel the completion (X*, d”) constructed above will be called standard 
completion of the space (X, d). Accordingly the quasi-isometric embedding 
LY : (X, d) + (X*, d*), defined by (12), will be called standard embedding. 
An obvious statement is given by the following proposition. 
Proposition 15. If the B-quasi-metric space (X, d) is complete, then it coincides (up 
to a quasi-isometry) with its standard completion. 
From the point of view of the purpose posed in the beginning the following two 
propositions are important. 
Proposition 16. If (X, d) is a metric space, then its standard quasi-metric completion 
(X*, d*) coincides with the usual metric completion of (X, d). 
Proof. According to Proposition 3, in the metric case Cauchy sequences in the sense 
of Definition 1 are the usual ones. Moreover, the equivalence relation introduced 
by Definition 4 is then nothing but the usual equivalence relation between Cauchy 
sequences in metric spaces. Therefore it suffices to verify that in this case d” is a 
metric, i.e. that the condition of symmetry 
d*(&‘, 5”) = d*([“, 5’) (22) 
is satisfied. But in a metric space every Cauchy sequence is a cosequence to itself. 
Therefore, by Proposition 9, we have 
d*([‘,[“)=tT d(xi, x1) and d*([“, 5’) = lim d(xi, xi) 
n,m 
when [‘, [“E X”, {XL} E &‘, {x:} G t”, and the equality (22) follows from the symmetry 
of the metric d. 0 
So requirement (iv) from the Introduction is fulfilled. 
Proposition 17. Let (X, d,) and (Y, dy) be two B-quasi-metric spaces. If (Y, dy) is 
complete and (X, d,)c (Y, dy), then (X*, dz)c (Y, dy). (Here (X*, dg) is the 
standard completion of (X, dx) and the inclusions are understood as quasi-metric 
embeddings, the second one being an extension of the former.) In particular, for any 
B-quasi-metric completion (X’, d’) of (X, d,) we have (X*, d$J c (X’, d’). 
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Proof. Consider, for simplicity, X as a subset of Y (so that dx is the restriction of 
dy on X x X). Let [E X* and {x,} be a Cauchy sequence in (X, dx) belonging to 
the class 5. Then it is also a Cauchy sequence in ( Y, dy) and therefore converges 
to a point y E Y, i.e. lim dy(y, x,) = 0. Thereby y is uniquely determined. In fact, if 
{XL} is another Cauchy sequence of the class 5, then {x,} and {XL} are equivalent 
in the space (Y, dy) and consequently, according to Proposition 4, we have also 
lim dy(y, XL) = 0. So a mapping 
A: x*+y 
is defined by the condition 
lim &(A(5), x,1 = 0, 
where 5 E X*, {x,} E 5. In particular, h(x) =x for x E X. 
Now let [‘, 4” E X”, {xh} E t’, {x:} E &” and {vl} be a cosequence to the class 5’. 
Then by Proposition 9 we have 
1;; dx(y;, xi) = d%5’, 5”). 
On the other hand from lim dy(A (t’), XL) = 0 it follows by Lemma 5 that 
lim d,(y;, A (5’)) = 0. (23) 
But 
lim dy(A(t”), x:) = 0 
and then, according to Lemma 4, (23) and (24) yield 
(24) 
‘iy d,(y;, x;) =l& My;, xi) = &(A(.$‘), A(U). 
Therefore, 
d%5’, 5”) = &(A(f), A(5”)), 
i.e. the mapping A : (X*, d*,) + ( Y, dy) is a quasi-metric embedding. 0 
Corollary. I’ (X, dx) and (Y, dy) are B-quasi-metric spaces and (X, dx) c (Y, dy), 
then for their standard quasi-metric completions we have (X*, d$) c ( Y*, d$) (both 
inclusions understood us quasi-metric embeddings). 
Thus the requirement (ii) from the Introduction is also fulfilled and thereby the 
program sketched in the beginning is carried out. 
By means of Theorem 2 one establishes, in addition, the following Theorem. 
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Theorem 3. lj” {(Xi, d,)} is a Jinite or countable fu~~~~~ of bounded ~-q~~~i-~etric 
spaces, then the product (X, d) =& (Xi, d,) alsa belongs to the &ss B. 
Proof. As mentioned in Section 1, the quasi-metric d in X = fl, Xi is defined by (3) 
where X, y E X, x = {x,}, JJ = {vi} and di(xi, x$‘) s bi for xi, X: E Xi. 
We have to show that d satisfies the condition (I?). Let 
d(x’,x”)Gr’, n-l,2 ,..., d(y”, x”) d r”, m = 1,2, . . . 
and 
lim d(y”‘, x”) = 0, 
nI.ll 
(25) 
where x’, XI’, xn, y” E x, x’ = {xl}, XV = {x:l}, x”={x:li=l,2,...}, y”= 
{y? 1 i = 1, 2, . . .}. 
Further, for each i, let (XT, dT) be the standard compietion of (Xi, d,). From (3) 
and (25) it foflows that 
iimd(y~,x~)=O, i=l,2 ,..., 
m.” 
i.e. that, for each i, {x:/n = 1,2,. . .> is a Cauchy sequence in (Xi, di) having 
{y~jm=l,2,...) as a cosequence and defining a point & in (X7, de). Then, if 
ai:Xi+ XT is the standard embedding, we have by Proposition 12 
iirm d:(cyi(y”), &) =O and linm d”(&, (u;(x~)) = 0 
for i = 1,2, . . . and therefore, according to (10) and (1 l), 
lim d,(ym, x:l) = lim d~(czi(y~), ar,(x::‘)) = dr(&, ai( 
m m 
and 
lim di(xi, x:) = lim d”(ai(xi), ai( = dT(ai(xj), [i). 
Therefore from 
d(x’,x”)=&d,(x:,xj’)& 
i 2’b; 
and 
1 
,j(y”‘, x”) = C 7 d,(y:“, x:() d I“’ 
i 2’b, 
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one obtains 
Hence 
d(X’y X”)=~&di(X~,X:‘)=~$d~(Cli(X~),Wi(X~)) 
I 
Thus the quasi-metric d satisfies the condition (B). Cl 
The proof of the following statement is left to the reader. 
Proposition 18. If {(Xi, do} is a finite or countable family of bounded B-quasi-metric 
spaces and, for each i, (XF , d “) is the corresponding standard completion, then the 
product ni (XT, d:) is quasi-isometric to the standard completion of the product 
FIi (Xi, di)* 
3. Extension of quasi-uniformly continuous mappings 
A mapping 
f: (X, d,)+ (Y, dy), 
where (X, dx) and (Y, dy) are quasi-metric spaces, is called quasi-uniformly con- 
tinuous if for any E > 0 there is such a 6 > 0 that dy( f (x’),f(x”)) < E whenever 
dx (x’, x”) < 6. 
Lemma 7. Let (X, dx) and (Y, d,) be (arbitrary) quasi-metric spaces and 
f: (X, dx) + ( Y, dy) be a quasi-un~ormiy continuous mapping. Then the image {f(x,)) 
of every Cauchy sequence {x,} in (X, dx) is a Cauchy sequence in (Y, dy). If {x:,} 
is a cosequence to {x,}, then {f(xk)} is a cosequence to {f(x,)}. 
Proof. Let {x,} be a Cauchy sequence in the space (X, dx-) and {xifi} be a cosequence 
to {x,}. For any E >O there exists a S > 0 such that dx(x’, x”) < 6 implies 
dy(f(x’),f(x”)) < E. On the other hand there is an N such that that dx(xk, x,) < 6 
when m, n > N. Hence dv(f(x:,),f(x,)) < E for m, n > N, and so {f(x,)} is a Cauchy 
sequence in the space (Y, dy) with {f(x:,)} as a cosequence. 0 
Theorem 4. Let (X, dx) and ( Y, d,) be two B-quasi-metric spaces and (X*, dz) and 
(Y*, d.Xy) be their standard completions. Then any quasi-uniformly continuous 
mapping f: (X, dx) + ( Y, dy) has a (unique) quasi-uniformly continuous extension 
f*: (X~,d~)j(Y*,d~)(inthesensefhatf~o~~=~~o~where~~: X+X*and 
ayy: Y-+ Y* are the standard embeddings). 
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Proof. Let .$E X*. According to the preceding Lemma, the equivalence class 5 of 
Cauchy sequences in the space (X, dx) defines in a unique manner an equivalence 
class 77 of Cauchy sequences in the space (Y, dy). Namely, if the class 5 contains 
the sequence {x,}, then the image of each Cauchy sequence of the class 5 belongs 
to the equivalence class 7 containing the sequence {f(x,)}. Therefore a mapping 
f *: (X*, d*,)+ (Y”, d$) 
is defined by the equality f*(S) = 77, valid when {x,} E 5 implies {f(x,)} E 77. 
It is obvious that f *(ax(x)) = ay(f(x)) f or any x E X. It remains to verify that 
the mapping f * is quasi-uniformly continuous. For any E > 0 there is such a 6 > 0 
that dx(x’, x”) < 6 implies dy(f(x’), f(x”)) < E. Let [‘, 5”~ X, {XL} be a cosequence 
to the equivalence class 5’ and {x~}E 5”. If 
d:(5’, 5”) < 6 (26) 
then, according to Definition 5, there exists an N such that dx (XL, xz) < 6 for 
m, n > N and then dy(f(xh), f(xi)) < E. Since {f(xA)} is a cosequence to the 
equivalence class f (5’) in ( Y”, d *y) and {f (xi)} E f (l”), we have 
d?(f(U,f(F’)) < e. (27) 
Thus (26) implies (27). 0 
Theorem 4 and Proposition 15 yield the following. 
Corollary. Let (X, dx) and ( Y, dy) be B-quasi-metric spaces and ( Y, dy) be complete. 
Then any quasi-uniformly continuous mapping f: (X, d,) + (Y, dy) has a quasi- 
uniformly continuous extension f *: (X*, dg) + ( Y, dy) over the standard completion 
(X*, d$) of (X, dx) (in the sense that f * 0 (Ye =f, where ax: X + X” is the standard 
embedding). 
4. Conjugate completion 
As is known, to any quasi-metric d, introduced in a set X, a conjugate quasi-metric 
d- is related which is defined by the equality 
d-(x, Y) = d(y, x). 
The following two Lemmas are obvious. 
Lemma 8. If (X, d) E B, then (X, d-)E B. 
Lemma 9. Let (X, d) E B. Then {x,} is a Cauchy sequence in the space (X, d) with 
{y,} as a cosequence if and only if {y,,} IS a Cauchy sequence in the space (X, d-) 
with {x,} as a cosequence. 
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Let us agree, when {x,} is a Cauchy sequence in a quasi-metric space (X, d) and 
{y,} is a cosequence to {x,}, to call the pair {{ym}, {x,}} Cuuchy system in (X, d) 
and to say that two Cauchy systems {{yk}, {XL}} and {{yi}, {xi}} are equivalent 
provided {xk} and {xi} are equivalent Cauchy sequences. 
In view of Proposition 5 it is clear that two Cauchy systems {{yk}, {XL}} and 
{{y;}, {xi}} in a space (X, d) E B are equivalent if and only if the pair {{yk}, {xi}} 
is a Cauchy system in (X, d), and that in this case {{y$}, {xh}} is a Cauchy system 
as well. Therefore, by Lemma 9, there is a one-to-one correspondence between the 
collection of all equivalence classes of Cauchy sequences in (X, d) and the collection 
of all equivalence classes of Cauchy sequences in (X, d-). Moreover, each of them 
can be identified with the collection of all equivalence classes of Cauchy systems 
in (X, d) or-what is essentially the same-in (X, d-). The correspondence among 
these four collections permits us to denote each of them by X*. Then one easily 
verifies the validity of the following 
Theorem 5. Let (X, d) E B. 7hen: 
(a) (X, d) is complete if and only if (X, d-) is complete; 
(b) for the standard completions (X *, d*) and (X*, (d-)*) of the conjugate spaces 
(X, d) and (X, d-) we have 
(X*, (d-)*) = (X*, (d*)-). 
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